configuration is qualitatively different from that in the C1 configuration. The simulation data has been used to propose a correlation for ̅̅̅̅ for the range of , and considered here for both C1 and C2
Tangential direction
INTRODUCTION
The flow induced by rotating one of the covers of a cylindrical container has a wide range of applications (e.g. chemical processing, bio-chemical synthesis, polymer processing, food preparation, pharmacology). Mixed convection plays a vital role not only in heat transfer rate applications but also influences the mixing rate for low Reynolds number applications. Therefore, it is necessary to investigate heat transfer characteristics and flow structure in this configuration so that the rates of heat transfer and mixing can be optimised. However, heat transfer and mixing rates in this configuration depend on many parameters such as container geometry and the rotational speed of the cover. Two special cases of rotating flow problems are the flows on top a rotating disk and inside an enclosure with a rotating end cover. Theodore von Karman pioneered the analysis of flows on top a rotating disk and such flows are commonly referred to as von-Karman flows, and an extensive review of such flows is provided in Ref. [1] . In addition to this, flow in cylindrical enclosures with a rotating cover has also been extensively analysed from various different viewpoints due to its wide range of roles in a range of different engineering applications. Vogel [2, 3] , Ronnenberg [4] and Bertela and Gori [5] analysed fluid flows in cylindrical enclosures with a rotating end wall, and the findings of these studies [2] [3] [4] [5] have subsequently been extended by Escudier [6] based on an experimental analysis where the criterion for vortex breakdown has been proposed in terms of aspect ratio H/R and Reynolds number Ω 2 / .
Fujimura et al. [7] also experimentally investigated the flow generated by rotating end walls in a cylindrical container in which the top cover was rotated at a higher angular velocity than angular velocities at which the bottom and the side walls are rotated. The effects of the differential rotations of the container walls on the vortex breakdown have been found to be significant by Fujimura et al. [7] .
Besides these experimental studies, several numerical investigations [8] [9] [10] [11] [12] [13] [14] analysed fluid flows in cylindrical enclosures with a rotating end wall. One of the fist numerical investigation was carried out by Lugt and Haussling [8] , who focused on calculating the single recirculation bubble and verifying numerically the experimental data of Vogel [2] and Ronnenberg [4] . In addition to this, another pioneering numerical investigation was performed by Lopez [9] who was the first to calculate the full extent of the flows observed by Escudier [6] . Most investigations involving rotating end wall focused on the investigation of flows in cylindrical containers until Pereira and Sousa [13] , who investigated vortex breakdown generated by a rotating end wall within a conical container. The flow produced in a conical container by a rotating end wall has also been numerically analysed by Escudier et al. [14] who reported that vortex breakdown is suppressed beyond a certain angle of inclination of the sidewall for both convergent (increasing radius towards the rotating end wall) and divergent (decreasing radius towards the rotating end wall) geometries.
The analysis of heat transfer characteristics in cylindrical enclosures with a rotating cover received relatively limited attention [10] [11] [12] . Lee and Hyun [11] analysed the effects of Prandtl number on heat transfer rate in this configuration and revealed that Prandtl number has an important influence on the heat transfer characteristics and advective transport has been found to strengthen with increasing Prandtl number. Iwatsu [12] investigated the effects of Reynolds and Richardson numbers at Pr = 1, in the range of 100 ≤ Re ≤ 3000, and 0 ≤ Ri ≤ 1, on the flow pattern and heat transfer rate for swirling flows in cylindrical enclosures with an aspect ratio of unity (i.e. AR = H/R = 1), and a heated rotating top wall based on numerical simulations. The analysis by Iwatsu [12] revealed that advective (diffusive) transport strengthens (weakens) and accordingly, the mean Nusselt number increases with decreasing Richardson number.
There are four possible different configurations for the flows induced by rotating one of the covers of a cylindrical container depending on the boundary conditions, which are schematically shown in Fig. 1 .
Existing analyses on flow induced by the rotation of one of the end covers in a cylindrical enclosure have been summarised in Table 1 , where the boundary conditions and the governing non-dimensional parameters for which these studies were conducted have also been summarised along with the nature of the investigation (i.e. whether it is experimental or numerical). It can be seen from Table 1 , the majority of existing analyses focused only on the flow structure, and there is no existing analysis in which the all possible configurations are investigated in terms of heat transfer characteristics. For this purpose, the present study focuses on a detailed analysis of the heat transfer characteristics in cylindrical enclosures with a rotating end wall for different boundary conditions which are schematically shown in Fig. 1 . A parametric analysis has been conducted to analyse the effects of Richardson, Reynolds and Prandtl numbers on heat and momentum transport for a range of Reynolds, Richardson, and Prandtl numbers (definitions are provided in Section 2) given by 500 ≤ ≤ 3000, 0 ≤ ≤ 1 and 10 ≤ ≤ 500
respectively for an aspect ratio (height: radius) of unity (i.e. = / = 1). In this respect, the main objective of the present paper is to demonstrate the influences of Reynolds, Richardson and Prandtl numbers on mixed convection induced by a rotating end wall in a cylindrical enclosure with an aspect ratio of unity for different boundary conditions.
The rest of the article will be organised as follows. The necessary mathematical background and numerical implementation will be discussed in the next section, which will be followed by a detailed scaling analysis. Following these sections, results will be presented and subsequently discussed. The main findings are summarised and conclusions are drawn in the final section.
MATHEMATICAL BACKGROUND

Governing equations and boundary conditions
In this study, the flow is assumed to be laminar, incompressible, steady and axisymmetric (i.e. twodimensional). The conservation equations in the cylindrical coordinate system take the following form for steady-state incompressible axisymmetric swirling flows:
Mass conservation equation
Momentum conservation equations
:
Energy conservation equation
where is the dynamic viscosity, is the reference temperature for evaluating the buoyancy term ( − ) in the momentum conservation equation in the vertical direction, and here is taken to be the cold cover temperature . In addition, thermo-physical properties (thermal conductivity, specific heat, viscosity etc.) are considered to be constant and independent of temperature in this analysis for the sake of implicitly.
The numerical investigation is carried out for an axisymmetric domain for different boundary conditions, which are schematically shown in Fig 
Non-dimensional numbers
The ratio between inertial and viscous forces represents the strength of the forced convection component in this analysis. This ratio can be quantified by the Reynolds number Re which is defined as:
The natural convection component of mixed convection can be characterised by the Grashof number, which represents the ratio of buoyancy to viscous forces, in the following manner:
Another important non-dimensional number is Rayleigh number, Ra, which demonstrates that the ratio of the strengths of thermal transports due to buoyancy to thermal diffusion, which is defined here in the following manner:
where Pr is the Prandtl number, which is defined as:
Prandtl number shows the ratio of momentum diffusion to thermal diffusion. The Prandtl number also represents the ratio of the hydrodynamic boundary layer to thermal boundary layer thicknesses. In addition to this, Richardson number is a well-known non-dimensional parameter for mixed convection, which is used to evaluate the relative importance of the natural to forced convection:
The rate of convective heat transfer is generally characterised by the heat transfer coefficient h, which is expressed in a non-dimensional form in terms of the Nusselt number Nu, as:
and the heat transfer coefficient h is defined as:
where subscript 'wf' refers to the condition of the fluid in contact with the wall, Twall is the wall temperature and Tref is the appropriate reference temperature, which can be taken to be TC (TH) for the hot (cold) wall respectively. For this configuration the mean heat transfer coefficient ℎ ̅ and ̅̅̅̅ are given
and ̅̅̅̅ = ℎ ̅ / , respectively.
Numerical implementation, grid-independency, and bench-marking
In the current study, the conservation equations of mass, momentum and energy have been solved in the framework of a finite-volume method using a computational fluid dynamics (CFD) software ANSYS-FLUENT, which was previously successfully used for simulations of the flows induced by rotating one of the end covers of a cylindrical container [14 and 15] . A second-order central difference scheme is used for the discretisation of the diffusive terms and a second-order up-wind scheme is used for the convective terms. Coupling of pressure and velocity is achieved using the well-known SIMPLE (SemiImplicit Method for Pressure-Linked Equations) algorithm [16] . The convergence criteria have been taken to be 10 -7 for all the relative (scaled) residuals.
Three different non-uniform meshes M1 (50 × 50), M2 (100 × 100) and M3 (200 × 200) have been investigated for each configuration, and the normalised minimum grid spacing ∆ , / and grid expansion ratio for these meshes have been provided in Table 2 . The numerical uncertainties for the mean Nusselt number ̅̅̅̅ for Re = 1000 and = 0.1 at = 100 are shown in Table 2 . Table 2 indicates that the maximum relative error levels (ea) between M2 (100 × 100) and M3 (200 × 200) are under 1.0%. Based on this analysis, the simulations have been conducted using mesh M2 (100 × 100)
for both configurations, which is found to be sufficient for providing high accuracy and computational efficiency. In addition to a grid-independency study, the simulation results have also been compared to the simulation data by Iwatsu [12] for different Richardson and Reynolds number values at = 1.0.
As shown in Fig. 2 , the present simulations results remain in excellent agreement with the corresponding benchmark data reported by Iwatsu [12] . Moreover, for code validation in Fig. 3 the streamlines obtained from numerical simulations for = 1854 and = / = 2 have been compared to the experimental flow visualisations reported by Escudier [6] which was used for numerical code validation in several previous numerical studies [14, 17, 18] . It can be seen from Fig. 3 that the simulation accurately predicts both the occurrence of the primary and secondary recirculation bubbles as well as their size and location along the centerline. Based on the evidences presented in Figs. 2 and 3 , the numerical implementation can be considered sufficiently accurate and appropriate for the analysis undertaken in this paper.
SCALING ANALYSIS
A scaling analysis has been carried out in order to elucidate the possible influences of Reynolds,
Richardson, Rayleigh and Prandtl numbers on the mean Nusselt number. The wall heat flux in the thermal boundary layer can be scaled as:
Using Eq. (11), the Nusselt number can be scaled as:
where fı is a function of Re, Ri, Ra and Pr, which accounts for the ratio of hydrodynamic to thermal boundary layer thicknesses (i.e.
ℎ ⁄~1( , , , )).
In order to determine the hydrodynamic boundary thickness , the order of magnitudes of inertial and viscous forces in the radial direction can be equated:
The shear stress can be scaled as ~ ( / ) and thus Eq. (13) can be rewritten as:
Using Eq. (14), hydrodynamic boundary thickness can be estimated as:
Here, and are the characteristic velocity scales in radial and tangential directions respectively, and they can be estimated as shown in Table 3 for different flow conditions. Eq. (15) can be rewritten by using the velocity scale ~(Ω ) + (√ ) as follows: 
For Ri ≫ 1 (when natural convection dominates the flow) one obtains:
Equation (17b) shows that the effects of rotation sustain even for ≫ 1. Substituting Eq. (16) in Eq.
(12b) leads to the following scaling estimate for the mean Nusselt number:
Equation (18) can also be rewritten based on Richardson number using ⁄ = 2 :
Equation (18) offers important physical insights into the influences of Re, Ri, and Pr on the mean Nusselt number ̅̅̅̅ . In the following section, this scaling predictions will be used for discussing Re, Ri and Pr effects on the mean Nusselt number.
RESULTS & DISCUSSIONS
For each boundary condition configurations, some preliminary simulations have been carried out for
different Re values at Ri = 0.1. It has been observed that both rotating top and bottom cover configurations yield the same numerical value of the mean Nusselt number ( ̅̅̅̅ ) when the thermal boundary conditions are kept unaltered, as shown in Fig. 4 . This indicates that heat transfer rate for a given set of thermal boundary conditions remains insensitive to the orientation of the rotating end wall.
For this reason, only C1 and C2 configurations will henceforth be considered in this analysis.
Reynolds Number effects
The variation of the mean Nusselt number ̅̅̅̅ with Reynolds number for = 0 (i.e. purely forced convection) and 0.1 (i.e. a representative mixed convection case) at Pr = 100 is shown in Fig. 5 . It can be seen from Fig. 5 that ̅̅̅̅ increases with increasing Re for both C1 and C2 configurations. This is consistent with the scaling estimate of the mean Nusselt number given by Eq. (18) which also suggests that ̅̅̅̅ is expected to increase with increasing . In addition, it can be observed from 
where is the hydro-dynamic boundary layer thickneess on the horizontal walls. Substituting ~(Ω ) + (√ ) and Eq. (16a) into Eqs. (21a) and (21b) yields the following scaling estimates for the magnitudes of and :
Eqs. (22a) and (22b) indicate that the advective (diffusive) heat transport strengthens (weakens) with increasing as observed in Figs. 5 and 6. For this reason, the mean Nusselt number ̅̅̅̅ increaes with increasing for both C1 and C2 configuratiuons (Fig. 5 ).
Richardson Number effects
The variations of the mean Nusselt number ̅̅̅̅ with Richardson number are presented in Fig. 7 for both C1 and C2 configurations for different values at = 100. Figure 7 shows that the variations of ̅̅̅̅ with for C1 and C2 configurations are qualitatively different from each other. For C1 configuration, where the rotating top cover is hotter than the bottom one, ̅̅̅̅ monotonically decreases with an increase in according to the scaling estimation given by Eq. (19) . However, as observed from Fig. 7 ).
Prandtl Number effects
The variations of the mean Nusselt number ̅̅̅̅ with Pr for both C1 and C2 configurations are shown in Fig. 9 for = 1000 and 3000 at Ri = 0.1 (i.e. a representative mixed convection case). Figure 9 indicates that Prandtl number Pr has an important influence on ̅̅̅̅ in both C1 and C2 configurations, and the mean Nusselt number ̅̅̅̅ increases with increasing Pr . This can be expected from the scaling estimation given by Eq. (19) because the function 1 is expected to increase with increasing . The strengthening of advective transport with increasing can be explained from the distributions of θ and along the vertical mid-plane, which are shown in Fig. 10 for = 1000 at Ri = 0.1. It is apparent from Fig. 10 that the thermal boundary layer thickness decreases with increasing Pr for both C1 and C2
configurations, which in turn acts to increase the mean Nusselt number ̅̅̅̅~/ ℎ . Furthermore, the magnitude of non-dimensional swirling velocity component rises with increasing Pr for both configurations. This indicates that the advective transport strengthens with increasing Pr, which is consistent with the findings based on Fig. 9 . The strengthening of advective transport with increasing can also be explained by the scaling estimate of = ∫ ∆ 0 given by Eq. (22a). Equation (22a) explicitly shows that advective transport strengthens with increasing and accordingly, the mean Nusselt number increases with increasing Pr for both C1 and C2 configurations, as observed in Fig. 9 .
Flow regimes
The variation of non-dimensional stream functions Ψ = / for both C1 and C2 configurations are shown in Fig. 11 for different and values at = 1000. It is apparent from whereas it decreases with increasing (i.e. as thermal advection starts to dominate over thermal conduction). Finally, the parameter space given by 0.7 ≤ and ≤ 10 4 is defined as the Regime 3.
A two-cell flow pattern occurs in the Regime 3. It needs to be highlighted that the boundaries which distinguish one regime from another in Fig. 12 are based on the observations made from simulation results. As such, these boundaries should not be treated rigidly but need to be considered only in an order of magnitude sense.
The mean Nusselt number correlation
Based on the simulation results, the following correlation for the mean Nusselt number ̅̅̅̅ have been proposed by Turan et al. [15] for the C1 configuration in the parameter range given by 0 ≤ ≤ 1, 500 ≤ ≤ 3000 and 10 ≤ ≤ 500 :
where ko and mo are the correlation parameters, which are listed in Table 4 . The correlation given by Eq.
(23) has also been adopted here for the C2 configuration but the values of ko and mo are different to those in the case of C1 configuration. The predictions of the correlation given by Eq. (23) are compared to the numerical results in Fig. 13 for both C1 and C2 configurations. Figure 13 demonstrates that the correlation, given by Eq. (23), satisfactorily captures both qualitative and quantitative variations of ̅̅̅̅ with for the range of , and analysed in this study.
CONCLUSIONS
The effects of Richardson, Reynolds, and Prandtl numbers on heat and momentum transport in steady state laminar mixed convection in cylindrical enclosures with a rotating end cover and an aspect ratio (height: radius) of unity (i.e. = / = 1) have been numerically analysed for different boundary conditions for top and bottom walls. It has been found that the heat transfer rate for a given set of thermal boundary conditions remains insensitive to whether the top or bottom cover is rotated. For this reason, only C1 (where the top rotating wall is heated) and C2 (where the top rotating wall is cooled)
configurations have been considered in this analysis. It has been found out that Reynolds number and Prandtl number dependences of the mean Nusselt number remain qualitatively similar for both C1 and C2 configurations, whereas the variation of ̅̅̅̅ with is qualitatively different in these configurations.
The mean Nusselt number ̅̅̅̅ increases with increasing and for both C1 and C2 configurations.
However, ̅̅̅̅ demonstrates a monotonically decreasing trend with increasing in the C1 configuration, whereas ̅̅̅̅ exhibits a mild increase with increasing Ri before becoming mostly insensitive to the changes in Richardson number in the C2 configuration. It has been also observed that the C1 configuration exhibits one-cell flow structure for the range of , and considered here, 
